CORRECTION TO THE WIENER INTEGRAL
AND THE
SCHRODINGER OPERATOR

BY
DONALD BABBITT

This is a correction of a technical nature to the paper mentioned in the title and
hereafter referred to as [0]. Other bibliographic references with the exception of
[0] will be the bibliographic references given in [0]. We shall use the notation
and results given there through Lemma 2 without further comment.

The error in [0] first appears in the proof of Lemma 3, and affects that part of
the proof of Theorem 1 which appears after Lemma 3. Similar difficulties arise
in the proof of Theorem 2, but since the proof is essentially the same, we only
make a few brief remarks concerning it. The revisions of the theorem that must
be made are sufficiently mild that they do not affect the applicability of the results
the (formal) Schrédinger differential operators which arise in physics.

Before stating the revised version of Theorem 1 we make the following

DEFINITION. A vector field b on R" is said to be an admissible vector potential
if it is of class C?> and [ |b|%exp[ — | x|*]dx < co for all «>0. An extended
real-valued Borel measurable function ¥ on R"is said to be a b-amissible scalar
potential if in the notation of [0] we have:

(i) D(V*) ND(A(b;0; CT) is dense in L,(R"); and

(ii) D(V™) = Cg and there exists k > — co such that for all ¢ € Cg(R") we
have

M {-12A+V"},d) 2 k.

In the above, V* = Max(V,0) and ¥ ~ = Min(V,0).

ReMARk. Conditions on V'~ which guarantee that (1) holds for some k have
been discussed in many places. See [11] for an extensive bibliography.

In the following, the sum of two forms J, ,J, on L,(R"), for which D(J,) N D(J,)
is dense in L,(R"), is defined by: D(J, + J,) = D(J,) N D(J,) and (J; + J,)[¢]
=J,[¢] + J,[¢]. If A and B are self-adjoint operators in L,(R") such that
D(A) N D(B) is dense, then A + B is defined in a similar way.

THEOREM 1 (REVISED). Let b be an admissable vector potential and V a
b-admissable scalar potential. Then the form

Jovy=JT¢:0.c®)y+ Jy+ +Jy-
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is closable and bounded below by k. If A(b,V) is the semi-bounded (by k), self-
adjoint operator associated with the closure (Friedrich’s extension) of J vy,
we have that T(ib; V)¢ exists a.e. for ¢ € L,(R") and t =0, and

) exp[ — A(b, V)il = T(ib; V)¢ ae.
Proof. From the proof of Lemmas 1 and 2 in [0] we have that Theorem 1

(revised) is true for V bounded.

LEMMA 3 (REVISED). Let b and V be as in Theorem 1 (revised). Let Vy, Vy be
defined as in [0]. Then the form

Jovmy =JIiw,0,¢8) T vy

is closed and bounded below by k. If A(b,Vy) is the semi-bounded (by k) self-
adjoint operator associated with J, i) then Ti(ib; V)¢ exists a.e. for ¢ e L,(R")
and t =20, and

3 exp [ — A(b, y)t]¢ = T,(ib; Vi) a.e.

Proof of the lemma. Since both J.0.c9) and Jy, are bounded below and
closed, we have, by Theorem 3.1 in [15], thatJ, y,, is closed. A direct calculation
shows that

J(b‘VN) = Sup J;(b'V" Cg‘) )

Since J7 . ynicP) tnand J3 e, vnic®) S < the closable form defined by the semi-
bounded symmetrlc operator ,‘T(b 0;C3) + Vy, we have that the sequence
{J A(b;V;;:c°0°)} is bounded above by a closed form. Thus Theorem 10.1 in [15] is
applicable and we have that

@ lim R,(— {d(b; Vy;C)} = R — A(b, Vi)

in the strong operator topology for Re(1) > N. The proof in [0] of the fact that
T(ib; Vy) exists a.e. for ¢ € L,(R"), t =0 and

) lim | T(ib; V¥)$ — T(ib; Va)d |2 =0,

is still valid.
(4) and (5) combined with the fact that || T,(ib; Vy) || < eV imply that

Ry(— Ab,Vy) = f e T(ib; Vy)pdt for Re(d)> N.
0

This implies by Corollary VIIL.1.16 in [3] that (3) is true.
It remains to show that 4(b, V}) is bounded below by k. We prove this first for
the case b = 0. It is clear that 4(0; Vy; C3) = A(0; V™C¢) and thus
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JA(OVNCO)= A(OV Co)Zk

for all n and N. Thus
sup Jiovnc®y=Jowm 2 2k

which, of course, implies 4(0, V) = k. To prove this for b # 0, we note that
Q) | T.(ib; Vi)(x) | < T0; Vi) | ¢ | (x)

since, for Wiener integrable functionals f, we have |E,,( f )| SE( | f |) (6) implies
that | 7003 309 | < | 705 109 |2 S | 7205 Tl o | T S exol ~ki] o1
Thelast inequality follows from the fact that — 4(0; Vy) < — k and the spectral
theorem. Thus

O] ” T(ib; Vy) "Op <e™

From the spectral theorem we see that — A(b, Vy) < — k i.e. A(b,Vy) = k which
completes the proof of the lemma.

We now return to the proof of the theorem. The proof in [0] of the fact that
T(ib; Vy)¢ exists a.e. for ¢ € L,(R"), t = 0.

®) lim | Tib; V)¢ = T(ib; V) |2 = 0

is still valid modulo the truth of (6.11) in [0]. But (7) shows that 6.11 is true, for
our case. Since J, yyy | y and J(p vy = k, we can apply Theorem 10.2 in [15]
and thus we have infyJ y,) = k is closable. A direct calculation shows that
infyJ 5 vny = J»,vy. Clearly then .7(“,) 2 k. The theorem also tells us that

© lim Ry(— A(b, ¥y)) = Ry( — 4(b,V))

n— oo

in the strong operator topology for Re(4) > — k. Thus (7), (8) and (9) imply that

R 4,V = [ " e T (ib; V) d,

for Re(4) > k. As has already been noted, this implies (2) and the theorem is proved.

REMARKS CONCERNING THEOREM 2. If G is an open subset of R" such that dG has
Lebesgue measure zero and J is a closed semi-bounded form on L,(R") such that
D(J) N Ly(G) is dense in L,(G), then Jg = J| 12, is a closed semi-bounded form
on L,(G). If A is the self-adjoint operator on L,(R") which is associated with J,
then A will denote the self-adjoint operator on L,(G) which is associated with
J 6y

DEFINITION. A vector field is said to be an admissible G-vector potential if it
can be extended to an admissible vector potential on R". An extended real-valued
Borel measurable function V on G is a b — G admissible scalar potential if
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(i) D(V*)ND((A(b;0; CT))s) is dense in L,(G) and

(i) there exists a core C = C(4(0;0; C))g of (4(0;0; C)); (i.e. a set on
which (4(0; 0; CY))¢ is essentially self-adjoint) and a real number k(>—o)
such that D(V™) o C and for all ¢€C,

({(A(0; 0; Cg + V™1, d)6 2 k.
Theorem 2 now reads as follows:

THEOREM 2 (REVISED). Let G be an open subset of R" as above. Let b be an
admissible G-vector potential and V a b — G admissible scalar potential, Then
the form

J(b.V;G) = (JZ(b;O;C?;))G + JV* + JV‘

is closable and bounded below by k. If A(b,V; G) is the semi-bounded (by k)
self-adjoint operator associated with -7(5,;';0), then T(ib; V; G)¢ exists a.e.
for ¢eL,(RM, t=0and

10) exp[ — A(b,V; G)f]¢ = T(ib; V; G)$ a.e.

As for the proof, once the formula has been established for bounded V, the proof
follows exactly as the proof of Theorem 1 (revised). The proof of (10) for bounded
V, follows the proof in [0] except A is replaced by A(b,V; G).

BIBLIOGRAPHY

0. D. Babbitt, The Wiener integral and the Schrédinger operator, Trans. Amer. Math. Soc.
116 (1965), 66-78.

UNIVERSITY OF CALIFORNIA,
Los ANGELES, CALIFORNIA




